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An analysis of heat transfer for boundary layer forced convective flow past a moving flat surface parallel to a
moving stream is presented. The power-law surface temperature at the boundary is prescribed. The surface
temperature varying directly (or inversely) with power-law exponent is considered. The similarity solutions for
the problem are obtained and the reduced ordinary differential equations are solved numerically. To support the
validity of the numerical results, a comparison is made with known results from the open literature for some
particular cases of the present study. When the surface and the fluid move in the opposite directions, dual
solutions exist.
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1. Introduction

From both theoretical and experimental standpoint, forced convection over a flat plate/sheet has been
widely studied over the past few decades. Earlier investigators were mainly interested in finding the
similarity solutions for the boundary layer flow problems. In fluid mechanics, the problem of a viscous
boundary-layer flow on a moving or fixed flat plate is a classical problem. Flow and heat transfer of a
viscous fluid over a moving surface has many important applications in modern industry, viz. polymer
industry, glass fiber drawing, crystal growing, plastic extrusion, continuous casting, etc. (Magyari and
Keller, 2000).

The boundary layer flow on a flat plate was investigated by different researchers, viz. Blasius (1908),
Howarth (1938), Abussita (1994), Wang (2004) etc. For the boundary layer flow on a moving flat plate in a
quiescent fluid, Sakiadis (1961) obtained the same equations as obtained by Blasius (1908) with different
boundary conditions. By introducing composite velocity, Afzal et al. (1993) combined Blasius and Sakiadis
problems successfully and obtained a single set of equations. Recently, the Blasius and Sakiadis problems
were extended respectively by Batallar (2008) and Cortell (2008) by studying the effects of radiation on the
boundary layer. Considering the suction/blowing effect on the boundary, a new dimension is added to the
above mentioned study by Ishak (2009).
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Siekman (1962), Klemp and Acrivos (1976), Abdulhafez (1985), Chappidi and Gunnerson (1989),
Hussaini et al. (1987), Lin and Haung (1994) and Sparrow and Abraham (2005) reported the flow, heat
transfer characteristics for moving wall laminar boundary layer problems.

Cortell (2007) extended the work of Afzal et al. (1993) for constant as well as prescribed power-law
surface temperature. However, the existence of dual solutions was not discussed in that study. Recently,
Ishak et al. (2009) showed that dual solutions exist when the velocity ratio exceeds unity, i.e., the sheet
moves in opposite direction to the free stream. The effects of suction and injection on the flow and thermal
fields for constant surface temperature were also reported in that study. But in his study the prescribed
surface temperature was disregarded. Of late, Mukhopadhyay (2011) investigated the case of prescribed
surface temperature of the second degree and reported the existence of dual solutions. In this present
investigation more general power-law surface temperature at the boundary is considered. The surface
temperature is assumed to vary directly (or inversely) with the power-law exponent. For prescribed surface
temperature, dual solutions also exist and these are presented and explained through their graphical
representations.

2. Formulation of the problem

We consider a forced convective, two-dimensional steady laminar boundary-layer flow of an
incompressible, viscous fluid over a flat surface moving with constant velocity U,, in the same or opposite
direction to the free stream U, (directed towards the positive x-direction). The X -axis extends parallel to
the surface, while the y -axis extends upwards, normal to the surface.

The governing equations for boundary layer flows and heat transfer are written as
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where u and v are the components of velocity respectively in the x and y directions, p is the coefficient of
fluid viscosity, p is the fluid density, v=p/p is the kinematic viscosity, T is the temperature, k is the
thermal conductivity of the fluid, ¢, is the specific heat at constant pressure.

Since the velocity of the fluid is low (laminar flow), the viscous dissipative heat is assumed to be
negligible here.
The appropriate boundary conditions for the problem are given by

u=U,, v=0, T=T at  y=0, (2.4)

w

u—->U,, T->T, as y —> 0. (2.5)

Here T =T, + Ax"is the prescribed surface temperature, n is the power law exponent, n >0
presents the case when the surface temperature varies directly with n whereas n< 0 is the case when the

surface temperature varies inversely with n. 7 is the free stream temperature assumed constant.
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2.1. Similarity analysis and solution procedure

With the help of a composite velocity U =U,, +U,,, we now introduce the following dimensionless

variables
Y _y -sm
n_y va’ u _Uf (n)a U_U \/m ) (26)
T-T,
0= T oT, 2.7

Re, = Ox is the local Reynolds number.

\Y%

Using the relations (2.6) and (2.7) in the boundary layer Eq.(2.2) and in the energy Eq.(2.3) we get
the following equations

Y 2.8)

e”+deeﬁ—2wﬂﬂ=0 (2.9)

ne, .
where Pr =—= is the Prandtl number.
K

The boundary conditions (2.4) and (2.5) then become
fl=1-r, f=0, 06=1 at n=0, (2.10)

and f/=r, 0=0 at n— (2.11)

U, . . .
where r = 7"0 is the velocity ratio parameter.

Equations (2.8) and (2.9) along with boundary conditions were solved numerically by the shooting
method (Mukhopadhyay et al., 2011; Bhattacharyya et al., 2011).

The details about the directions of the moving wall and the free stream can be found in
Mukhopadhyay (2011).

3. Results and discussions

In order to get a clear insight to the physical problem, numerical computations have been carried out
using the shooting method for various values of different parameters such as the velocity ratio parameter (),
power-law exponent (n) and Prandtl number (Pr) encountered in this problem. For illustrations of the results,
numerical values are plotted in Fig.1a to Fig.6b.

In order to assess the accuracy of the method, the numerical results, obtained in this study, are
compared with those of Ishak et al. (2009) for variable r(7>1) and presented in Tab.1. The results are found
to agree well.
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Table 1. Values of velocity gradient f g (0) for non-porous flat surface.

/")
; Ishak et al. (2009) Present study
Upper branch Lower branch Upper branch Lower branch

1.1 0.533708 0.001493 0.533707 0.001491
1.2 0.583178 0.016171 0.583176 0.016172
1.3 0.613646 0.051941 0.613645 0.051940
1.4 0.616140 0.117886 0.616142 0.117885
1.5 0.565821 0.241872 0.565823 0.241874

Figures la—1b show the existence of two different temperature as well as temperature gradient
profiles for variable values of the power-law exponent » when the surface temperature varies directly with n,
respectively. When the surface temperature varies inversely with the power-law exponent #n, a temperature
overshoot is noted (Fig.2a). Temperature increases with increasing absolute values of n (for negative values
of n). When n increases, the thermal boundary layer thickness decreases (Fig.2b). No temperature overshoot
is noted for positive values of n (Fig.1a).

Figures 3a-b illustrate the dual nature of temperature and temperature gradient profiles for variable
values of the velocity ratio parameter » for a fixed value of n when the surface temperature varies directly
with the power-law exponent n. For the upper branch solution, temperature is found to increase with
increasing velocity ratio parameter » but temperature decreases with » for the lower branch solution
(Fig.3a). In this case, the effect of 7 on the temperature profiles for lower branch solutions is significant than
that of upper branch solutions. Near the plate, the absolute value of temperature gradient increases with
increasing » but away from the plate an opposite behaviour is noted for the upper branch solution (Fig.3b).
For the lower branch solution, the behaviour of temperature gradient is just opposite to that of the upper
branch one. The wall temperature gradient is negative for all cases considered here which implies that heat is
transferred from the plate surface to the fluid (Fig.3b). When the surface temperature varies inversely with #,
temperature increases with 7 (for the upper branch solution) but for the lower branch, though the
temperature initially increases with » but away from the plate, temperature decreases with r (Fig.4a). A
temperature overshoot is noted for both the upper branch and lower branch solution. For this case, the
temperature gradient at the wall is positive for all values of » considered, i.e., the heat is always transferred
from the ambient fluid to the plate surface (Fig.4b).

The dual nature of temperature and temperature gradient for variable values of the Prandtl number
for n=0.5 (when the surface temperature varies directly with n) is presented through Figs 5a-b
respectively. Temperature decreases with increasing the Prandtl number for both the upper and lower
branch solutions (Fig.5a). For the lower branch solutions, the boundary layer thickness is higher compared
to that of the upper branch solutions. From this one can conclude that the upper branch solutions are stable
while the lower branch solutions are not. An increase in the Prandtl number results in an increase in the
heat transfer rate (Fig.5b). The fluid with a higher Prandtl number has a relatively low thermal
conductivity and thereby reduces the thermal boundary layer thickness and as a result the heat transfer rate
at the surface increases.
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Fig.1. Dual nature of (a) temperature (b) temperature gradient profiles for several values of the power-law
exponent n when the surface temperature varies directly with the power-law exponent 7.
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Fig.2. Dual nature of (a) temperature (b) temperature gradient profiles for several values of the power-law
exponent n when the surface temperature varies inversely with the power-law exponent 7.
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Fig.3. Dual nature of (a) temperature (b) temperature gradient profiles for several values of the velocity
ratio parameter » when the surface temperature varies directly with the power-law exponent 7.
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Fig.4. Dual nature of (a) temperature (b) temperature gradient profiles for several values of the velocity
ratio parameter » when the surface temperature varies inversely with the power-law exponent 7.
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Fig.5. Dual nature of (a) temperature (b) temperature gradient profiles for several values of the Prandtl
number Pr when the surface temperature varies directly with the power-law exponent 7.

When the surface temperature varies inversely with n, initially the temperature is found to increase
with increasing the Prandtl number for both the solutions but far away from the plate temperature gradually
decreases with increasing the Prandtl number (Fig.6a). Here, the temperature gradient at the wall is positive
for all Pr considered in this case (Fig.6b).
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Fig.6. Dual nature of (a) temperature (b) temperature gradient profiles for several values of the Prandtl
number Pr when the surface temperature varies inversely with the power-law exponent 7.

4. Conclusions

Heat transfer characteristics for a moving non-isothermal surface parallel to a free stream with
prescribed power-law surface temperature varying directly (or inversely) with the power-law exponent is



Dual solutions for boundary layer flow of moving fluid ... 123

presented. As usual, dual solutions are obtained when the plate and the fluid move in the opposite direction.
A temperature overshoot is noted when the surface temperature varies inversely with the power-law index 7.

Nomenclature

¢, —specific heat at constant pressure

n — power law exponent
Pr — Prandtl number
r —velocity ratio parameter
— temperature of the fluid
— prescribed surface temperature

— free-stream temperature
— velocity of the surface

S gy

— velocity of the fluid
— components of velocity in x and y directions

=

L

n —similarity variable

6 —non-dimensional temperature
k — thermal conductivity

p  — dynamic viscosity

v —kinematic viscosity

p —density of the fluid
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